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An additive form of the Landau inequality for fe W% [ —1,1],

1 m n—m
/N < | 1== | T D) 1S + ey — T(”’)(l) 1/,
¢ n 2" 'n!'n

is proved for 0<c<(cos(m/2n))~2, 1<m<n—1, with equality for f(x)=
T, (14 (x—1)/c), 1<c<(cos(n/2n))~2 where T, is the Chebyshev polynomial.
From this follows a sharp multiplicative inequality,

ILF < @2ty = T ) | f L

for | ™| =a |If], 2"~ 'n! cos®(n/2n) <o <2""'n!, 1 <m<n— 1. For these values
of o, the result confirms Karlin’s conjecture on the Landau inequality for inter-
mediate derivatives on a finite interval. For the proof of the additive inequality a
Duffin and Schaeffer-type inequality for polynomials is shown.  © 1998 Academic Press

1. INTRODUCTION AND STATEMENT OF RESULTS

The Landau or Landau-Kolmogorov inequality,

1N o < o 1 ™ 1SN (1.1)

for functions fe W% (I), I=R, R, or [ —1, 1], where the problem is to
find the best possible constants C;°,, C, . and C, , respectively, was
introduced in 1913 by E. Landau [LAN], who found Cfl=ﬁ and
Cy =2

The problem for /=R was solved in 1938 by A. N. Kolmogorov
[KOL], who also found extremal functions, so-called Euler splines.

The problem for /=R, was studied in 1914 by J. Hadamard [ HAD]
and in 1955 by A. P Matorin [ MAT], who found that C,, <
(2"~ 'n\)y="" T™(1)=M,,,,, with equality for n=2 and n=3. In 1970
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I. J. Schoenberg and A. Cavaretta [ S&C], solved the problem for R, and
showed that Cf, <M, ,, when n>4. More generally than in (1.1), we can
consider as a Landau 1nequahty, any sharp inequality of the form

LA < EALI L0

or

LF < FLLLI LA™, with [ =allfIl or [ f™]<alfl,

where F(x, y) is homogeneous in x and y, i.e., where xF’, + yF|, = F(x, y).
Here and in the following we write | f | = I|fIl. We will study the cases
F(x, y)= Ax + By in Theorem 1 and F(x, y)= Cx' ~™"y™" in Theorem 2.

When I=[ —1, 1] the situation is somewhat different in (1.1) compared
to I=R or R . Then there is no common constant for all W2 [ —1,1],
but only for each ¢ >0, a best constant ¢, ,,=C, (o), such that (1.1)
holds for every fe W[ —1,1] with ||f™|>a|f|. See the book of
R. A. DeVore and G. G. Lorentz [ D&L, pp. 38-39]. In Theorem 2 we
show that C, ,(0)=M, ,, 1<m<n—1, when 2" 'n!cos*(rn/2n)<
0 <2""'n!. In obtaining this result we lean on the results of A. Yu. Shadrin
in [SH1, SH3].

The result in Theorem 2 was proved for n=2 in 1975 by C. K. Chui and
P. W. Smith [C&S] and for n =3 in 1982 by M. Sato [SAT]. In 1993 the
result was announced for m=n—1 and m=n—2 by A. Yu. Shadrin in
[SH2], where also more results and references are given. Up to then best
known, and also some best possible, constants in connection with this
problem were given in 1976 and 1990 by H. Kallioniemi in [ KA1, KA2].

THEOREM 1. Let feW?”[—1,1]. Then, for every ¢, 0<c<
(cos(n/2n)) =2, and for every m, 1 <m<n—1,

n—m

2n71 '

1
1Fl < <1_n> TO(1) |1/ + ey 1£®). (12)

THEOREM 2. Let fe W7 [ —1, 1], where n>=2, and suppose that
I/ =a | f], 2"~ n! cos®(n/2n) <o < 2" 'nl. (1.3)
Then for every m, 1<m<n—-1, C, ,(0)=M, ,, ie.,
£ < 2n ) = T | | ) (14)

with equality for f(x)=T,(1 +(x—1)/c), 1 <c<(cos(n/2n)) 2
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Remark 1.1. The minimum of the right hand side of (1.2) (f fixed,
¢>0) occurs when ¢"=2""1n! || f|I/I f®|, and this value of ¢ turns (1.2)

into (1.4). Hence Theorem 2 follows at once from Theorem 1, for those
functions f for which the inequalities (1.2) and (1.3) hold.

The equality for the mentioned functions is obvious.
A second setting of the Landau problem is that of determining

$m(a, &) =sup{[ [ IfII=1 [ /™| <o}, —1<E<L 020,
s

and

¢m(0)=81}p{|\f("’)Hi IfI=1L1f"I<a}, o0 (1.5)

In 1978, A. Pinkus [PIN], showed the existence of perfect splines
P, o(x) such that |P, .|| =1, [Py || =0, and such that

[PIUE) = (o, &),
which gives
P(0) < Cpp (@) 5™,

When ¢ >0, C, ,,(0) is decreasing and ¢,,(g) is increasing. For || f]| =1,
[ £ =0 =a"2""1n!, with a > cos?(n/2n), Theorem 2 gives

LF "N <o T (1) = TE(1)(a/2" Int)™", (1.6)
with equality for f(x)=T,(1+(x—1)/c), 1<c<1/cos*(n/2n), ie. for

cos?(m/2n) 2"~ n! <o < 2" n!. When ||f™| =0 =2""1n!(B cos*(n/2n))",
0 < p <1, Theorem 1 with ¢ = 1/cos*(n/2n), gives

1) < cosn/m T (1= 242 g (1.7)

Thus (1.6) and (1.7) yield

b0) <TU1)2" 1))~ gmin. g >2n=lnl, (18)
Go(a) =T(1)(2"~nl) =™ g™in, cos?(n/2n) 2"~ 'n! <o < 2" 'n!

(1.9)
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and

T (1) < $(0) < cos?(x/2n) T(1) (1 —'Z+’:ﬂ"),

0<o=2"""nl(Bcos¥(n2n))", O0<B<LI. (1.10)

In 1976 S. Karlin [ KAR, p. 423 ] conjectured that, with » fixed, for each
>0,

$m(a)=Z"(1, 0),

where Z(x, o) is the unique perfect spline of degree n with r nodes,
—l<x;< - <x, <1,

Z(x, o)=c<x"+2 i (—1)"(x—xl-)'jr>+ni1 a;x’,

i=1 i=1

with n4+r 41 (in this case Z(x, o) is denoted by T, (x), T, o(x)=T,(x))
or n+r points of equioscillation, made unique by the requirements
1Z(-,0)| =1, |Z"(-,0)|=0, Z(1,6)=1, and Z"(1,0)=0. We have
Z(x,0)=T,(1+(x—1)/c) for the values of ¢ =2""1n!/c", considered in
Theorem 2, which confirms Karlin’s conjecture in this case. It is true for all
>0 when n=2 [C&S], and n=3 [SAT].

The inequality (1.4) is studied in [C&S] for o=0, ,=TY)(1), n=4,
0<r<2,5<n<6,0<r<4, 1<m<n—1.

This investigation shows that if Karlin’s conjecture is true, inequality
(1.4) is not sharp, although rather strong, for the mentioned values of .

A third setting of the Landau inequality is the problem of finding exact
constants in inequalities of the form

|fA(OI<AQ) 1T+ BE) ILF]

and
IfN<ANfI+BIf ™I, fewr[—1,1],

where 4> T (1), and B=B(4) is a convex function. Here Theorem 1
gives an upper bound for B=B(A), A>A4,,, and for some A4 the exact
value of B(A).

Before formulating Theorem 3 we define the following sets of

polynomials by

B,={peP,:|p(x)| <1, |x|<1}, (1.11)
C,={peP,: |p(yu)| <1, yp=cos(kn/n), 0 <k<n}, (L.12)
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and
D, ={peP,_,:|p(y)| <1, yp=cos(kn/n),0<k<n—1}, (1.13)

where P, is the set of all polynomials of degree at most 7.
It was proved by V. A. Markov [ MAR] that, if pe B, then

P <IT™ I, 1<m<n. (1.14)
This result was generalized by Duffin and Schaeffer [ D&S], who proved

that (1.14) holds also if pe C,. The following theorem is a result of a
similar kind.

THEOREM 3. If pe D, _,, then for every x, 0<x<1, and for every m,
I<m<n—1,

[P () < (1 —mfn) | T (1.15)
We have equality in (1.15) for x=1, 1<m<n—1, when p=0Q is the

polynomial of degree n—1 interpolating T, at y,, 0<k<n—1, ie., when

O(x)=T,(x) = (x—1) T,(x)/n.

2. PREREQUISITES FOR THE PROOFS

The mth derivative of the Chebyshev polynomial
T, (x)=2""1x"— ... =T, cos 0) = cos nb, —1<x<1,0<0<m,
satisfies the differential equation
(1—=x?) T"+2 — 2m+ 1) xT™*+ D + (n* —m?) T =0. (2.1)

Since T,(y;)=cos(nkn/n)=(—1)%, it follows that y,=cos(kn/n),
0 <k <n, are the extreme points of 7,, and that

Th(x)=2"""n(x—p1) -+ (x = yu_1). (2.2)
From (2.1) we obtain the recursion formula
2

n—m TO(1). (2.3)

T;m+1)(1):2 +1 v
m
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Next we list four theorems and one lemma, which will be useful in the
sequel.

In his paper [ SH3], A. Yu. Shadrin proved the following theorem on
derivative error bounds for Lagrange interpolation.

THEOREM A. Let p,_(x) be the polynomial of degree at most n — 1, that
interpolates f € W" [a, b] at the points ty, ... t,_1: a<t, 1 <t,_,<---<

1 <to<b and set w(x)=T1iZb(x—1;).
If w;(x)=w(x)/(x—1,), 0< j<n—1, then
"o ()
Pna(x)= = 0;(x).
' ,go w'(1;)
Let
n—1—m
w((Jm)(x):C l_[ (X—O(j), O('n—l—m< s <oy <o,
j=1
and let
n—1—m
a);”i)l(x):c n (x_ﬁj)s ﬁn717m<"'<ﬂ2<ﬂ1’l<m<n_2'
j=1

U 0(0:[0» ﬂozba Ay —m=a, ﬁnfm:lnfls ]n,m:U;l:_(;n [aj’ﬂj]a Clnd
Jn,m: 7;1”‘ (ﬂjs ocjfl)s lhel’l

1
sup | f"(x) = piy(x)| = [0 ™(xX)],  x€L, (24)
lrmi<1 n:

and

1
sup [ f(x) = pU (%) < — max{ o™ (B)], [0 (1)},
Ir®i<1 n: (2.5)

xe(ﬁj; O(jfl) CJn,m'

From Theorem A we obtain the estimate

(n)
Hfi'u sup | (x)| (2.6)
n!

B<x<b

sup | /(x) — pi(x)] <

B<x<b

for any fe W’ [a, b], when f is a point in [, ,,,.
In [SH1], A. Yu. Shadrin proved (1.14) for polynomials in C, using the
following theorem.
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THEOREM B. Let ge P, have n distinct zeros in the interval [ —1,1].
Let u;, 1< j<n—1, be the zeros of q' and set uy=1 and u,=—1. If a
polynomial P e P, satisfies the inequality

|P(u))| < lq(up)l,  0<j<n,

then for each m, 1 <m<n, and for each x, —1 <x<1,

1
|waxn<nwx{mm%xnw<x2—1>¢m+”u»+quMx)
m

If q(x)=T,(x), u;=y;, and if |P(y,)I<1, 0<j<n, the last inequality
becomes

1
|P™)(x)| < max {|T§lm)(x)|, — (x2=1) T+ D(x) + xT")(x)
m

}. (2.7)

THeorREM C (Sonin-Polya). If p, p', q, and q' are continuous in an
interval J, p, ¢ >0 and if (p(x) q¢(x))' <0, for x € J, then | y(x;)| is increasing
on the set of local extreme points x; for y, when y is a non-trivial solution
of the differential equation

(p(x) ¥") +4q(x) y =0,
which is of self-adjoint form.

The Sonin—Polya theorem is proved by studying the function

1
Fo=r 42 eoyre L gy (28)
q(x) p(x) q(x)

which, using the differential equation, gives

(P a0
(x)= — 20,
PO ey g P

Thus F is increasing in J, and the theorem follows.

THEOREM D. (The Sturm Comparison Theorem). If ¢(x) and r(x) are
continuous on [a,b], q(x)=r(x), g#r, if y(x) and z(x) are non-trivial
solutions of the differential equations

Y +q(x) y=0
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and
Z"+r(x)z=0,

and if z(a)

=2z(b) =0, then there exists at least one point x,, a < xy,<b, such
that y(x,) =0.

For a proof of Theorem D, see [ SIM].
If we write the differential equation (2.1) in the form
T 4 p(x) T 4 g(x) T =0,
it can be transformed to the form
u" +S,,(x)u=0,

where T =ugp, ¢(x)=e 1E®Pd >0 and §,(x)=q(x)— i p(x))*—
ip'(x). We see that T and u have the same zeros. The differential

Eq. (2.1) gives

n?—m? 1 x? 1 1 + x?
= m 1) s 2ml)
Sul¥) =7 g G D T ap iy Gmr DTG0
(1 —x?) = (m—0.5)>+0.75 + 0.25x 29)
a (1—-x%)? '

LemmMA A. (a) If T, is the Chebyshev polynomial of degree n, then
T ST, ¥ <L 1<m<n, (2.10)

and

IT(x) <n//T—x%  |x| <L (2.11)

(b) (Markov) If p(x) =(x—a;) - (x—a,), g(x) =(x—by)--- (x =b,),
p#q, where a,<a,<---<a,, bi<b,<---<b,, a;<b;<a,<b,<
- <a,<b,, then, if s, < -+ <s,_, are the zeros of p' and t; < --- <t,_
are the zeros of q', we have

< <H<L< <5, 1<t

n— n—1-

It then follows that the zeros of p™ and ¢, 2<m <n—1, interlace in the
same way as those of p' and ¢'.

For a proof of Lemma A see the book of T. J. Rivlin [RIV].
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Remark 2.1. Lemma A(b) is true also if p(x)=(x—a,)
(x—az)---(x—a,), and if b, <a,<b,< --- <a,<b,. This is proved in a
similar way, interpolating p(x) instead of p(x)—g¢(x) at the points b,
1<j<n.

We denote the relation between the polynomials p and ¢ in Lemma A(b)
or in Remark 2.1 by p<g. The relation < is not transitive, but if
P1 <p> < --- <py and if moreover p; <py, then p, <p, for 1 <i<j<k.

The main tools in our investigation will be 7,(x) and the following
polynomials

L(x)=(x—=1) Thx) =2""n(x = 1)(x— yy) - (x = y_) (212)

L, ;(x)= Lolx) s I jsn—1, (2.13)
’ (x_yj)
and
1 1
O(x)="T,(x) - (x—1) T, (x) = T,(x) - L,(x). (2.14)
With w(x)=(x—1) T (x)=L,(x), we have for 1 <j<n—1,

wo(x) = w(x)/(x = 1) =T,(x) = L, o(x),
w;(x) =o(x)/(x — y;) =L, ;(x),
o' (1)=T,(1)=n?

and

o' (y)=(y;= D) Ty) =7 =) Th(y)/(1+ y)=n*(=1)//(1 + y)).

Then

Cnl () olx)
Pai0= 0 =)

1 n—1 1 .
LDy )t

(1)L, ;(x) (2.15)

is the Lagrange interpolation polynomial of degree <n — 1, interpolating f
at the points 1, y,, ..., ¥,,_;. This interpolation will be used in the proof of
Theorem 3, where fe D,,_; and p,_, = f, and in the proof of Theorem 1.

Denote the largest zeros of T™(x), Ly”(x), Ly")(x), and Q" (x) by w,,,
Jms M m>» and q,,, respectively, and denote the smallest positive zero of
T (x) by o} .
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Below we obtain in Lemmas 2-4 estimates for 7"(x), L!(x), and
0"(x), respectively. Lemma 1 gives some control of the zeros of the

polynomials mentioned.

LemMa 1. (a) Since

L,<T,<L,, (2.16)
T,<L,,<L,,<---<L,, <L, and T,<L, (217)
T, <Ly<Ly, . and Ty<L,, . (2.18)
T,<0<T,, (2.19)
we have for 1 <m<n-—2,
O 1 <A1 <Wpy < Aps (2.20)
Oy 1 <ULy <Moo <+ <Up_ 1. < lopns (2.21)
Oy 1 <Ay 1 <Hn_1. m> (2.22)
Oy 1 <Gy < Dy (2.23)

(b) Ifn—m=2 is even, then

O<wi<1//2n—2. (2.24)

Proof. (a) Combining (2.12) and (2.1) for m =0, we obtain
Ly(x) = To(x) + (x = 1) Th(x) =(T,(x) +n°T,(x))/(x + 1),

which gives sgn(L!(x;))=(—1)*"1, where x,, 1 <k <n, are the zeros of
T,(x), and the relation L), < T, follows. The other relations in (2.16)—(2.19)
are obvious. Hence the results follow from Lemma A(b).

(b) The Sturm comparison theorem applied to (2.9), where
S,(x)>S,, . »(x), implies that 7" has at least one, ie., at least one
positive zero in [—w,,,, o}, ,], since Ty is even. This yields
wf<ol ,<-- <o ,=1//2n—2, where the equality and hence
(2.24) follows from

T =2(x)=c(x*—1/(2n—2)).

Lemma 2. If 1<m<n—2, then

(m)
70y < Lo D)

P < W, 2.25
e <o, (225)
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Proof. If y=T%", 1<m<n—2, then y satisfies the differential
Eq. (2.1), or in self-adjoint form,

((1 =) 12) 4 (12— ) (1 = X212y =0,

The expression p(x) g(x) = (n*> —m?)(1 —x?)®", in Theorem C, is decreasing
in the interval 0 <x < 1. Hence

F(x) = (T(x)? + (1= x*)(T"+ D(x))*/(n* —m?)
is increasing, according to the proof of Theorem C, and
(TT(x))? S F(x) S F(0py41) = (TN 41))? (2.26)
or
T < ITS (@)l 0SX <@y (2.27)

For w =w,, ,, the differential Eq. (2.1), since T""*Y(w) =0, gives

(1—?) T D(w)+ (n*—m?) T"(w) =0 (2.28)
and
(1—?) T3 (w)—(2m+3) 0T () =0. (2.29)

From (2.28) and (2.29) we obtain

2 2
n-—m
T;m+2)(w) — 1 — w2

(—T(w)) (2.30)

and

_nz—m2 2m+3)w
2

T(’”+3)(w)

n

—o? (— TN w)). (2.31)

-
Since T7*"(w) >0, r=2, the Taylor formula, together with (2.30) and
(2.31) gives

)?

1 —
T 0(1) > (1 — ) T e) + L2l 703 )

nz—mz

=(1-0)7—

(1—w)*n*—m?*(2m+3)w
2 l—w?> 1—-0?

(—=T{(w)).  (232)
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Using (2.3) in (2.32), we obtain

n?—m?

Tm+(1) = T)(1
() =2 T
l—w (2m+3)w(1—a))2>
> 2 .2 7T(m)
0 =) (o O (1)
or
1 2(1+w)?
T < Tm(1), 2.33
T S s 2 am+ sy n D (2.33)
which together with (2.27) gives
1 2(1 +w)?
TS T @) S5 5 s T o

Since

2(1 +w)?
24+02m+S)w

when 0<w<1 and | <m<n—2, (2.25) holds for |x|<w=w,,, -
In the interval [w,, 1, ®,], |T¢(x)| is decreasing, and thus the proof
is complete.

Remark 2.1. If n> 10, then o = w, > y, =cos(2n/n) > 3/4 and 2(1 + w)?/
(24 7w) < 8/9, which gives a somewhat better estimate of |77,(x)| in (2.34).

LemMA 3. Let L,(x)=(x—1) T)(x).
(a) Then

Li(1)=mTy(1), 1<m<n. (2.35)

(b) If1<m<n—2 then

n

L (G +1) T 0<x<o, (236

m
2m+1
and

IL(x) <LU(1),  0<x<]l. (2.37)
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(c) If n—mis odd, 2<m<n-—3, then

L) <LY(1), —o), <x<L. (2.38)

m+17

(d) If I, is defined as in Theorem A, with w(x)=L,(x)/(n2"""),
then 0el, ;.

Proof. (a) Using the differential Eq. (2.1), we can write

Ly(x) = (x = 1) Ty D(x) + mTy"(x)
=((x*=1) T+ D(x) +m(x + 1) Ty (x))/(x + 1)
=(—2m—1) xT"(x) +(n*— (m—1)*) TJ"~D(x)
+m(x+1) T(x))/(x+1)

= ((m(1 = x) +x) Ty(x) + (1> = (m—1)%) T~ D(x))/(x +1).
(2.39)

For x =1 in the first equality, we obtain (2.35).

(b) From (2.39), using (2.3) and (2.25) we have for |x|<w,,,
1<m<n_2a

—(m—1)?

_ 2
<M |T§,’")(x)| +n
x+1

L) < Tim—1)
L0l <= T D)

<m(1—x)+fo1’”’(1) 1 n?—(m—1)
= x+1 2m+1 x+1 2m—1

2
T (1)

o m(l—x)+x 1 N
_<(2m+1)(x+1) x+1>T£‘ ). (2.40)

With
RS PR Ut ) e S (2.41)

S C2m+)(x+1) x+1
we see that g/, (x) <0, —1 <x< 1, and thus

m
2m—+1

Zm(¥) <gm(0) = +1,  0<x<l,

which together with (2.40) gives (2.36). Since 4,,,; <®,, and L")(x) is
increasing for x> 4,,, ; also (2.37) follows, when m > 2.
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Form=1,

n*T,(x) + T)(x)

Ly(x)=(x—=1) T(x) + T (x) = T+ x

>

and we need to prove that
|n?T,(x)+ T.(x)| <n®+n’x, 0<x<lL
For n=0, 1, and 2, (2.37) follows easily. For n>3, we consider the

three intervals I, =[cos(n/n), 1], I,=[sin(x/2n),cos(n/2n)], and I;=
[0, sin(x/2n)], which cover [0, 1].

(1) For xe[cos(n/n), 1], T,(x) is convex, since 7,'(x)>0, and
thus 0<T'(x)<n?x, since the inequality holds at the endpoints
x=cos(n/n) and x =1.

(2) For xel, we use inequality (2.11) and [T (x)| <n?x will
follow if we prove

1
<n’x or —2<x2(1—x2).
1—x n

The function x?(1 — x?) attains its minimum on I, at the endpoints, that is,

x2(1 — x2) =sin(n/2n) cos¥(n/2n) = (1/4) sin®(z/n)

1/2n\?
><n> =1/n2, n=3.
4\nn

(3) If mis even, and x €15, then 7', and T, are of opposite sign,
that is,

2T ,(x) + T(x)| < max{|[n*T,(x)|, | T,(x)|} <n’.
If n is odd, x € I5, we have

T < |TW0)[=n,  |T,(x)| <|T,(0)] x =nx,
and we can close the case m =1 with the inequality

[T ,(x) + To,(x)| < (n* —n) | T,(x)| +T(x)] +n | T,(x)]

<(n*—n)+n+n*x=n*+n’x.
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(c) From (2.41) we see that g,,(x,,) =m for the decreasing sequence
Xp=—2m*—=2m—1)/2m* +2m—1),
giving x, = —3/11, x3= —11/23, and x,= —23/39.
(1) When 7 is even and m is odd, we have by Lemma 1(b)
0f <of < <of ,=1//2n—1)<11/23,

when n > 6 and hence

Xp<X3=—11/23< -, for 3<m<n-—3, m odd.
Thus, since g,,(x) is decreasing,

LG S gl(x) T <mT{(1)=LU(1)  for  x,,<x <0,

+

e, for —w,5

<x<0,neven, n=6,3<m<n—3, m odd.
(i1) When n is odd and m is even,
0F <of < <ol ,=1//2n—1) <311,
when n > 9, and hence
Xp<x,=-3/11< -0}, for 2<m<n-3, m even.
Thus
|L(3)] < gp(x) TU(1) <mT (1) = LE(1),

—wt  <x<0,n>=9,no0dd, 2<m<n—3, m even.

m+17=

When n="7, T,(x)=64x"—112x° + 56x> —7x,
X,=—3/11< —wif = —(1—(0.6)"2)22~ —024
and
x4= —2339< —wf = —/3/6.
When n=35, Ts(x)=16x° —20x> + 5x, 0 =./2/4, and
|L%(x)| =40 [40x> —24x% —9x + 3| <400 =Ly(1),  —./2/4<x<0.

This completes the proof of (c), since we already have (2.37).

(d) Here «; and f; in Theorem A are the zeros of T, and L, ,_,,

respectively. If # is odd, 7,(0) =0 and 0 e/, ,, defined in Theorem A. If n is
even,
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%2 <0<a,, 1, and y,,=0. We then have L,(y,») =L/ (0)=n*T,(0)
n*(—1)"2, cos(n/n) L), ,_1(0)=L,0) and T,(0)=n*—1)"**'. Thus
(0) have opposite signs, and (2.17) implies that f,,, > 0.

!

T,0)and L, ,
Hence

Oela,n, ﬂn/2] <l .

LEMMA 4. Let

(x) = (x=1) T\ (x)/n=T,(x) — L,(x)/n. (242)

Ox)=T,
(a) Then QeD,_y, Q(y,) =T, (y)=(—1), 0<j<n—1, and
0"(1)=(1—m/n) T(1). (243)
(b) If 1<m<n—1, then
|0™(x)| <Q™(1),  0<x<l (2.44)
(¢) If n=10, then
(2.45)

10(x)<0(1)3, 0<x<ov;.
Proof. (a) It is obvious that

1
O(x)=T,(x) = (x—1) T,(x)

n

interpolates 7, at the points y,, 0 <k <n—1, and that the coefficient of x

is equal to zero.
Inserting x =1 in

0 ()= (1=2) T 4+ 2 T ), (246)

we obtain (2.43).
(b) For 0<x<w,, and 1 <m<n—2, using (2.25), (2.1), and (2.3)

we obtain from (2.46)
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03| < (1 —’") 70 0)
n

(2m—1) xT7(x) — (n* — (m —1)%) T~ D(x)
_l’_
n(1+x)

1 12m71T§,”‘)(1)
2m+1 2 n  2m+1

<Q"™(1)

(n*—(m—1)>) T" V(1)
+ n 2m—1

1 I 1 2m-—1 1
= — (m)
<2m+1+2n—m2m+l+n—m>Q (1).

With
1 1 1 2m-—1 1
G _ -
(n, m) 2m~|—1+2n—m2m+l+n—m’
we have
1 11 1 1 1 7 1
D=-tas <],
G D=ty i a1 3 o1
when n > 3.
When m =2,

1 1 1 1 1
Gln, m) <=+~ _1
(n, m) 5+2n—m n—m 5

1

n—m

<1

3
2
for n—m >=2. In both cases (2.44) follows for 0 <x<w,,, n—m=2.
Since ¢,, < w,, <1, according to (2.19), and since Q"(x) is increasing

from zero in the interval ¢,, <x <1, (2.44) holds for 0<x <1, m<n—2.
When m=n—1, Q")(x) is constant and also then (2.44) holds.

(c) From (2.46) and (2.1) we have

0'(x)= (1 —1> T(x) + L (1= x) Tx)
n n

n—1 1 x n?> 1
= 1 — | T — —T .
n << +n—11—|—x> ux) n—11+x ,,(x)>
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Using inequality (2.11) we obtain

1 x 1 1 1
’ < _1 1 :
Q< (n )<< +n_11+x>nm+n_u+x>

When n > 10, we see that

1 1 1 1

1 x
! < ’1 1 _ . _
Q)< 21 )<< +91—|—x>10,/1—x2+91+x>

<-0(1)  if 0<x<09.

When x =w; and n > 10,

1— 1
Q) =P T = o= <5 0 (1)

In the remaining case, 0.9 <x <w,;, we only need to study Q'(x) for
those points x, where Q"(x)=0. With m=2, (2.46) and (2.1) yield

0(x)=(1-2 ) T 7 (1) 7710

n

2 3x n?—1
— 1 I TN _ T/ —
< n+n(1 +x)> u(X) n(x) =0,

if
n*—1 )

(14 %) —2(1 1) 1 3x L")

T,(x)=

This gives, using the estimate mentioned in Remark 2.1,

, n—1__ n+1
Q' ()| < ——=IT,(%) <1+(1—x),1(1+x)+x_2>

<n(n—l);§<1+§(1—x)><n(n—l)/3,

if 09<x<w,, where we also wused the inequality (n+1)/
(n(1+x)+x—2)<2/3, which holds for n>10 and x> 0.9.
This completes the proof of Lemma 4.
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3. PROOFS OF THE THEOREMS

In this section we prove Theorems 1 and 3 for 2 <m <n—1, leaving the
case m=1 to Section 4.

In Theorem 3, we will apply the Lagrange interpolation formula to the
polynomials in D, , with y;, 0< j<n—1, as interpolation points. With

w(x)=(x—1) T)(x) = L,(x), (3.1)
we see from (2.15), that for pe D, _,, the Lagrange interpolation formula
gives

n-l ) o(x) (1) nt 1+ .
ploy=y, PR X P g s X ) L0
S )=y,
(3.2)
The derivative of (3.2) of order m is
oy P e T
P )(X)=7 T+ D(x)+ 3 p(y) ’( D7 LIM(x).  (33)
j=1

From (3.3), for pe D, _,, we obtain the inequality, sharp for every x,

m 1T PO "L Y
|p"(x)] < —+ ) e [Ly)(x)| = Ap(x), (34)

n =

where A4,,(x) is independent of p.

We start by proving that the inequality |p™(x)| < |0 (x)| holds in
some subintervals of [ —1, 1], I<m<n—1.

Let Wyi11> Opmi1.2> > Opitn_m—1, be the zeros of T+ 1(x)
and let fi; >/, ,> -+ >fi; ,_,,_ be the zeros of Ly")(x), 1<j<n—1.
Then we have from (2.17)

B 10 > M2 1> 0 > 1> Oy

>y 12> 22> s >y 2> Wy 2

>ﬂn71,n7m71 >ﬂn72,n7m71 > e >/zl,n7m71 >0)m+1,n7m71'
In the intervals

Ilz[ﬂnfl,lal]a 12:[/Zn71,29wm+1,1:|9

13: [/Zn—l,S’ C0m+1,2]9 ey In—m: [ _1’ C0m+1,n—m—1]9
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all the functions 75"+V, LU, ., L") |, have the same sign, and thus
(3.3) with p = Q gives

m 1 m n711+y' m
10| = 5 T + T T L)

j=1
1 n—1 1+y
=S ITE I+ Y, L)
j=1
If x belongs to one of these intervals, and if pe D, _,, we have
T51m+1)( ) n—1 1+y )
mmmw&m}l+zpn Sy L
Jj=1
IT('”“)( )I - +y m m
e Z ZILEM(x) =10 (x)], (3.5)

where the inequality is strict when x is an interior point of some [,, unless
p(x)= £ 0O(x). If moreover 0 < x <1, we have by (2.44), for I<m<n—1,

[P () < 1@ (x)| < 0™(1), (3.6)

ie., inequality (1.15) of Theorem 3 holds for x >0 in the above mentioned
intervals.

Proof of Theorem 3. We divide the proof into three cases. In Case 1 we
consider m=n—1 and m=n—2; in Cases 2 and 3, with 2<m <n—3, we
study the intervals w,,<x <1 and 0 < x <w,,, respectively.

Case 1. n—2<m<n—1and 0<x<I.

When m=n—1, p®~Y(x) is a constant, and thus the inequality
[p™=V(x)| = |p"~ V(1) < 0"~ V(1) follows from (3.5).

When m =n—2, p™~?)(x) is linear,

lel,=[(1+cos(n/n))/(n—1),1], 0el,=[—1,0],
and (3.6) gives

p"P(I<Q"~2(1)  and  [pU(0)| <O TP(0) <07 (1),
e, (1.15) holds.

Case 2.1 2<m<n—3,n=6,and 0, <x<1.

When x>u,_ ., we already know that |p“(x)|<Q")(1), also for
m=1, according to (3.6), so we restrict ourselves to the interval w,, <
X<, _1,m» and suppose that 2<m<n—3. We have ¢,,<w,, <4, and
U —1.m <y from Lemma 1 and moreover we have Q"(x) >0 for x> g,,.
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Let 4, (x) be the sum of the positive terms and 4 _(x) be the absolute
value of the sum of the negative terms in the right-hand side of

1 1
Q(m)(x):? T(m+1) )+ Z +y] L(m)( ).

Since Q"(x)=A4,(x)—A_(x)=0, we see that 4 (x)> A4 _(x) for x>g¢,,
and, since 4, (x) is increasing, the inequality

p"(x)| <A (x)+ A4 _(x) <24 ,(x) <24 ,(A,,) =20"(4,,)
=2TY(4,,) <(1—m/n) TY(1), (3.7)

will follow as soon as we show that
T A,,) < (1 —m/n) TU(1)/2. (3.8)
By the definition of 4,,,
L () = (= 1) T D(2y) +mT(2,,) =0,
1e.,
(1= 2) T+ D (A) = mT (L)

Since 4,, > w,,, we have T *7(4,,) >0, r >0, and according to the Taylor
expansion

T(1) = TU(4,,) +(1—=24,,) TV D(4,,)
=(m+1) TU(4,,). (3.9)

From (3.9) we see that
T (2) S T(D)/(m 4 1) < (1 —m/n) T(1))2,

giving (3.8), if

In the last inequality, the left-hand side is convex as a function of m. The
inequality holds for m=2 and m=n—3 when n>6, and thus for
2<m<n—23. This proves (1.15) for v, <x<1,2<m<n—3,n=6.
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Case 2.2. (n,m)=(5,2) and w, < x < 4,.
Here L%(x)=1600x>—960x*—360x + 120. Since w, <1,<0.77, we get
(3.8) from
Ti(2,) <T%0.77) <54 <60=0.5(1—2/5) T%(1).

Case 3.1. 2<m<n-3,0<x<w,,, and U(x)= V(x).
If pe D,_, and if we choose the constant A4, such that Pe C,, where

P(x) = p(x) + AL,(x),
the Duffin and Schaeffer theorem [ D&S] for (1.14), with m =n yields
|[A] n2" " n! <27~ 1n! or 4] < 1/n.
Theorem B implies that |P"(x)| <max{U(x), V(x)}, where
Ux)=|T"(x)|<T"™(1)/(2m+1), 0<x<w,,

according to Lemma 2, and, if we also use (2.1) and (2.3),

V) = 11— 2) T 00) — a0

= o= 1) XTI 0) — (7 (= 1)) T4~

m—1 Tf,"’)(l)+n2—(m—l)2 T =1(1)

< X

m 2m+1 m 2m—1
(M=l D pen), o<as (3.10)
S\ m 2m+1 " m)" " ’ SEYSOme '

When U(x) = V(x), we obtain, also using (2.36),

1 1 m
(m) < L < (1 T (1
[P < Ux) + L) (2m+1+n< +2m+1>> L)

n—m

< (1) =0"(1),
n

if

1 +l 1+ m <n—m
2m+1 n 2m+1)" n
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or, after simplification,
2+ 1/2m)<n—m,

which holds for all m, 2<m<n—-3, n>=5.

Case 32. 2<m<n—4,0<x<w,,, and V(x) = U(x).
When V(x) > U(x), we instead obtain from (3.10) and (2.36),

|p"(x)] < V(x) + L™ ()| /n

< E 1 +1+1<1+ m Tm(1)
S\ m 2m+1 m n 2m+1 "

<=, (3.11)
n

where the last inequality holds if
m+3+7/(2m—2)<n. (3.12)

We see that (3.12) holds for m=2 if n=9, for m=3 if n=8, for m=4 if
n=9 and for m=5if m<n—4.

Case 33. m=n—3,0<x<w,,, and V(x) > U(x).
When m=n—3,

T =3(x)=2""1n!(x>—1.5x/(n—1))/6,

T;n—Z)(x) =2"*1n!(3x2— 1.5/(n—1))/6

and

1.5 < 3 1.5 ,
(n—1)(n—3) n—3+(n—1)(n—3)>x

3
1 4
(2541
In the interval 0 < x<w,_3=./1.5/(n—1) we have

2" 'al 15 1.5 -
T 6 (n—l)(n—3):(n_2'5)(n_3)TE; (1),

V(x) < V(0)
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Using this inequality and (2.36) we see that

1
") < V(x) +— |L P (x)]
n

1.5 1.5 3
l————————+ =) T3 <=T"=3(1),
((n—2.5)(n—3)+ n> A () n " 1

when 0<x<w n=>s.

n—3>»

Case 34. The remaining cases with 0 <x<w,, and V(x)> U(x) are
(n,m)=(6,2), (7,2), (8,2), (7,3), and (8.4).

If w, ,=o, is the largest zero of TU™(x), it is easy to see that
0,,6<0.8, 0, 7<0.8, 0, 5<09, w; ;<0.7, and w, g<0.7. According to
(3.10) and (3.11) it is enough to prove that

1 _
V(x) +— IL(x)| < 2= 700(1),  0<x<w
n n

m,n*

We write this inequality in each case for a little larger interval, containing
w

4.3 | —240x° 4+ 256x> — 51 x|
4 1240x* — 160x° —96x> + 48x + 3| <4.70, 0<x<0.8,
8.7 | —168x°®+220x* —69x2+ 3| +8 -2 |168x> — 120x*
—100x? + 60x? +9x — 3] < 8-70, 0<x<0.38,
16 -4 | —448x7 4+ 696x° — 300x> + 31x| + 16 |448x¢ — 336x°
—360x* +240x3 +60x%—30x — 1| <16 - 63, 0<x<0.9,
16 -7 | —280x° +260x> — 43x|
+16-3 |280x* — 160x> — 100x? +40x + 3| < 16 - 252, 0<x<0.7,

and

19202 | — 112x° +92x* — 13x|
+1920 [112x* —56x> — 36x% + 12x + 1] <1920 - 33, 0<x<0.7.

Elementary calculations show that these inequalities hold and thus that
(3.11) holds in all five remaining cases. This completes the proof of
Theorem 3, when 2<m<n—1.

Proof of Theorem 1. First we suppose that ¢ e W” [ —cos(n/n), 1],
n>=2. We denote the sup norm of a function ¢ defined on the interval
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[ —cos(n/n), 1] by ||¢|,. Let p,_, be the polynomial of degree <n—1
that interpolates ¢ at the points y, =cos(kzn/n), 0 <k <n—1. We write

P(¥)=p,_1(»)+R,(y) and  @"(y)=pi(y)+R{(y).

Here we use Theorem 3 and Theorem A in order to estimate p'™ () and
R")(y), respectively.
According to Theorem 3, we have for 2<m<n—1,

P (D<@l (1 —=m/n) T(1),  0<y<L (3.13)
With interpolation points y;, 0 <k <n—1, we have in Theorem A,

1 1

(x) =i, L,(x), o(X) =5, T,(x), and

1

wn—l(x):ﬂ

Ln,n— l(x)‘

Hence «; and f;, 1<j<n—1-—m, are the zeros of T¢"*"(x) and
L™ _ (x), respectively. Thus Theorem A, (2.6), (2.37), and (2.38) imply

nn—1
that
™| |Zy"(x)]
sup [ ™(x) = p (X)| ST sup i
w<x<1 nlex<t 2'7n
_ o™l 1Ly (D)]
oonl 2
if w=0el,,, when n—m is even, and if w= -, €1, ,, when n—m

is odd, 2 <m <n—3. Hence, Theorem A in both cases gives

() (m)
» l™™ Il mT,(1)

R(m)
|RE D) <

0<y<l. (3.14)

Thus, using both (3.13) and (3.14) we obtain

| T
ol m (1)

(m) _ (m)
9N < Ll (1—mim) Tg(1) 42 2

0<y<l
(3.15)

for2<m<n-—2.
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In order to prove (3.14) when m=n—1, we use divided differences and
obtain

dy_1[ @5ty s Uy 11—y 1[5 Vo s V1]

Z y] d[gﬂ Yos - Vis ]3"'9un_1]~

Letting u,, ..., u,,_, tend to y, 0< y <1, we see that

"= V(y)—pl T (p)] "i‘ y H(/)“’)H
(n—1)! S n!

Here g(y) = ”_1|y y;| is convex, with g(1)=n—1, g(0) <n—1. Hence
g(y)<n—1,0<y<1 and

n—1
IRT=D(») =l P(y)—ps=P(p)l < lo™,, 0<y<l,

which is (3.14) when m=n—1, and thus (3.15) holds also for m=n—1.
Finally, suppose that fe W” [ —1,1]. Then we define an auxiliary
function ¢, in the following way.
If 0<e<1, we set

@(y)=f(x—cx+cy), where 0<x<1,
and if 1 <¢<2/(1+cos(n/n))=(cos(n/2n)) 2, we define
p(y)=f(1—c+cy),
where y € [ —cos(z/n), 1] in both cases.

With a=x—cx and a=1—¢, respectively, we have in both cases
—I<a+cy<1 for all values of ¢, x, and y considered. This yields
lp(yl <[ fll, 0<k<n—1, and ¢(y) = c"f"(a+cy), | <m<n. Since

o™, <c™ If™),  0<m<n,
(3.15) gives
|e™f o+ cp)

Hf‘")\l m

n] 2n 1

<A1 (1 =m/n) TSM(1) + TU(1), 0<y<l.

(3.16)



446 BENGT-OLOV ERIKSSON

We now write a+ ¢y =x in both cases, for 0 <x < 1. These values of x
correspond to 0 < y <1, and 0 <1 —1/c< y <1, respectively, and thus we
obtain

m(m) : (m) SN m
le”f )< NS (1 =m/n) T,V(1) + " o =i, L (L),
0<x<l1. (3.17)
Hence Theorem 1 is proved, after considering also f( —x), 0 <x <1, and

the proofs of the theorems are completed for 2<m<n— 1.

4. THE CASE m=1

Also in this case we start with Theorem 3, and show that |p'(x)| <
O(1)=n(n—1),0<x<1, when pe D, _,. The cases n=2 and 3 were set-
tled in Section 3. When 4 <n <9, we rely on the result of the elementary
calculations, which can be made after inserting the derivatives of

Ln,j(x)zzniln(x_ 1)”'(x_yj71)(x_yj+1)"'(x_yn71)9
I<j<n—1,
into (3.4), and which give 4,(x)<A4,(1), 0<x<1. Thus
P'(x)|<4,(x)<A4,(1)=0'(1), 0O0<x<l4<n<9.

From now on we suppose that n> 10, and start with the interval o, <x<1.
According to (3.6) it is enough to consider the interval w; <x<u,_; ; or
the somewhat larger interval w; <x < 4,. Since w, =cos(n/n) <1, =cos a,
a=a,, we have 0 <a <zn/n. From

0=L,(71) = (T(7) + n*T,(21))/(1 + 2y)
= (n sin(na)/sin a + n? cos(na))/(1 + 1)

we obtain tan(na) = —n sin «, and deduce that o« = (27/3 — k,,)/n, where k,,
is increasing and 0.063 <k, <0.066 for n > 10. Thus

T.(4y) = —n*T,(}) = —n*cos(2n/3 — k,,)
=n?cos(n/3 + k,) <n?cos(m/3 +0.063) < 0.45n>.
Using this result in (3.7) we obtain

|p' (%) 2T (A1) 09> <n(n—1), w, <x< A, n=10.
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It still remains to prove that |p'(x)| < Q'(1), 0 < x<w, when n>10. We
suppose that p# + Q, since (2.44) gives |Q'(x)| < Q'(1). In the proof we
will use the inequalities

10 (yo)l<n,  1<k<n/2 (4.1)

(VI <Q(D)3,  0<xy<w,n=10, (42)
and

1P (7)) <0502 1<k<n/2,n>10, (4.3)

where (4.2) was proved in Lemma 4.

Moreover, we will prove that the functions Q'(x)+p'(x) both have
exactly one local minimum (maximum) in the interval [y.., Vil,
Ve+1=0, when k is odd (even). Also, if n is odd, and if each of the
functions Q'(x)+p'(x) has a local extreme value in the interval
[0, y,], r=(n—1)/2, we will prove that they are both of the same type.
From (4.1) and (4.3), we obtain for 1 <k <n/2,

10" (y) +p' (vl <n+05n2<2n(n—1)/3=20'(1)/3, n=10. (44)

When 7 is even, one y, =0, and when # is odd, 7,(0) =0. In the latter case
|p'(0)] <|Q'(0)] according to the proof of (3.6), and then (4.2) yields

10'(0) £ p'(0)| <2 [Q'(0)] <2Q'(1)/3, (4.5)

and thus |Q'(0) +p'(0)| <2Q’'(1)/3 holds for all values of n.

We now prove that |p'(x)| < Q'(1) by studying the converse inequality.
If [p'(xo)| > Q'(1) for some x4, 0 <xy<y;, and if 0< y, <x0<yp (or
0<xq<y,, r=(n—1)/2, when n is odd), then |Q'(x,) + p'(xo)| >20'(1)/3,
according to (4.2), and |Q'(x) £ p'(x)| <2Q'(1)/3 at the endpoints of the
interval [ y,,, y,] or [0, y,] according to (4.4) or (4.5). Then one of the
functions Q'(x) +p'(x) attains a local maximum and the other attains a
local minimum in the interval mentioned. But this is impossible according
to what was said above about local extreme points of Q'(x)+ p'(x). Thus
[p'(x)|<Q'(1), 0<x<1.

Last, we will below in (I)—(III) prove (4.1), the assertion about the local
extreme points of Q'(x) £ p'(x) and (4.3).

(I) When 1<k<n/2, we see from (2.46) that (4.1) holds, since

1—y _ [T, (i)

Th(ye)|= a1+ )

.

|Q'<yk>|=‘
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(IT) Next we prove the assertion about the local extreme points of
Q'(x) £p'(x). Denote the zeros of TH(x) and L) ,_,(x) by w;, and
i, 1, x> respectively, 1 <k <n—3. From (2.9) and the Sturm comparison
theorem we see that if p >m, then S,(x) <S,,(x), and thus T{"(x) always
has a zero between any two zeros of 7”)(x). This gives, taking account of
all zeros of T, and T, 0<y,<w;, 1<V, 1<z, _,< - <p3<
W3, <y, <w; <y, Where

O<y <ws,_1, if n=2r+1,
and
O=y,=ws ,_1, if n=2r
From
(x+cos(n/n)) L, ,—1(x) + L, ,_1(x) =(x—=1) T(x) + T,(x)
which gives

(2—x) Th(x)+(n*—1) T)(x)
x+1

(x+cos(n/n)) Ly, , 1(x)+2L, , (x)= ,

(4.6)

and observing that sgn(T”(y,))=(—1)**1, we obtain for 1 <k <n—2,
sgn(Ly, ,—1(y))=(=1)* and  sgn(Ly ,_(ye)=(—1)**"

Thus L) ,_(x) has a zero in each interval, [ y; 1, yi], 1 <k<n—3,

n,n—1
"

and since L, , ,(x) has exactly n —3 zeros, we see that

Vi1 <Bn_1,6<Vi> I<k<n-—3.
From (2.17) we obtain

v W33 <y 1,3< O35 <fly_1,2<03 1 <[, _11-
Combining the above three series of inequalities we see that for y, >0,
v W3 3 <y 1,3< Y3 < W35 <fly_1,2<Y2<W31<fp_1,1< )
which implies that
Ve €Ln—1.0 ®3,0-1] k=2, y,.=0.

Ifn:zr’ O:yre[ﬂn—l,r’wlr—l]:[ﬂn—l,rao]'
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Since p(x) # + O(x), we have from the proof of (3.6), |p"(x)| <|Q"(x)]
in the interior of the intervals [, ; r3 1], 2<k<n—3,forx>j, ,,
and for x <ws_,_3. Hence each of the functions Q"(x) +p”(x) has at least
one, i.e., exactly one zero in each interval [ws 4, 1,1 ], | <k <n—3, and
thus exactly one zero in each interval [y, .1, ¥il, Vie+1=0, k>1. This
means that each of the functions Q’(x) &+ p’(x) has a local minimum at this
zero when k is odd, and a local maximum, when k is even. When 7 is odd,
(n—1)/2=r, we have y, ., <0< y,, and

yr e(:lzn—l,ra CO3,r—l)'

If @,_,,<0, then Q"(x)+p"(x)#0 for 0<x<y,. If g,_,,>0, both
functions Q'(x) +p'(x) can only have a local maximum or only have a
local minimum in [ws; ,, f,_1,,.], and the same is of course true for the
interval [0, y,], although one or both of Q'(x)+ p'(x) can fail to have a
local extreme point there.

(ITIT) Now it remains to prove (4.3). Using

Mo )‘ ‘lﬂf(D(x_l)T;(x)
n’ j

X—=y

Ll m)‘
xX—y;

we obtain for x= y,, k# j, y, =0,

1+y ., L+y »e—1 I+y, 1 n’T,(y)
‘ szn,j(yk) :‘ 2] k Tn(yk) = 21 1 £
nTo Y=Yy n yr—=y; L+yi
1 k—j
_ sgn( J). (4.7)
=yl T+
Furthermore we have
Tr/ 2T 1
| n(fk)l_'n n(yk)l_ (48)

P (1=y0)  1-yi

From (2.12) and (2.13) we obtain for x = y,,

‘l—'_yk

1y 1 2=y ) Ty | 1 (2= yi) n’T,(yy)
2 m (Vi) = 3

n? 2 1+ ye T |22 1—y;

2-y, 1 1 1 1 1
St /. L S VL . . (49)
2 1—yp 21—y 214y,
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Inserting (4.7)—(4.9) in (3.4), with m =1, we obtain

, IThyd)l " 1+,
Pyl S5+ Y —2 1L, (9
n =1 n
1 11 11 ! 1 sgn(k —j
= S+ = S+ = + < +g( j)>
L=y 21=yi 214y Zi\Ine—yl T4+

=1
Jj*k
1.5 nl 1 1
=——+ ——(n—2k—1)2) . (4.10)
1—y; jgllyk—yjl 1+ y,
j#k
As before we denote the right hand side of (4.10) by 4,(y).
We start with the two single terms in A4,( ),
U(ye) = 1.5/(1 = y3) — (n =2k —1/2)/(1 + y,).
Using the inequality
sin x > (sin x,) x/Xq, 0<x<xy,<7/2, (4.11)

we obtain with x,=7/6,
U(y,) < 1.5/sin*(z/n) < 1.51%/9 <0.17n,
and with x,=n/5
U(y,) < 1.5/sin?(2n/n) < 0.0512, 2 <k < nf6.
We also see that
U(y,) <3<0.031n2,  n>10,n/6 <k<n/2.

Next we study the sum in 4,(y,) in the cases 1 <k <n/6, n/6 <k <n/3, and
n/3 <k <n/2.
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Case 1. 1<k<n/6.

(a) When j<n/3,

(k+j)n/2n <m/4 and |k — j| ©/2n < m/6.

Hence (4.11) gives

|y — v, = |cos(kn/n) —cos(jn/n)]|

=2 |sin((k — j) 7/2n) sin((k + j) 7/2n)|

6142
S EE R
n2n 2

=321k = 2/,
and

n/3 1 k—1 1 n—1

n2
Sy =Y < <Z + X
Syl 32T =P Pk
J

2 1 sk=1 1 1 n—1 1
(G B
322k \;Si \k—j k+j/ ki Nj—k j+k

n2

1

From the first two lines in (4.13) we see that

<

2
n
St < (141/2)<0.18n2
62

and from the last line that

2

n
S, <——=(1+1/2+1/3+1/4)<0.25n?,
62

)

LA 124 oo +1/2k) + (141724 - +1/2k)).

2<k <n/6,

451

(4.12)

(4.13)

since the last line of (4.13) is the arithmetic mean of a decreasing sequence

and hence decreasing.
(b) When j>n/3

1 1
|cos(kn/n) — cos( jr/n)| s 1V/3/2—1/2|

=/3+1<274,
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which gives, if we improve the inequality a little for k=1,
n—1 1

Si= Y

2
<27422<0192>  and "< 0.15n°.
j=npB+l |y =yl 3

Thus
1Py <A,(y))=Uly,)+S;+ 87 <0.17n%+ 0.18n2 + 0.157% = 0.5n>

and

1P (yi)l < A1(yi) = Ulyi) + Sic+ Sk
<(0.05+025+0.19) 2 <0.57%, 2 <k<n/6.

Hence (4.3) holds in Case 1.

Case 2. n/6 <k<n/3.

(a) When 1<, <n/2, we have (k+j)n/2n<n/2 and
|k — j| /2n <7/6. Hence

261 k2= | 22 ,
| Vie— ;! 22;;547,12:3 |k*— j?|/n?,

which compared to S} in Case 1 shows that the constant 3 ﬁ in (4.12)
should be replaced by 3. This yields

n/2 1
Sp=Y ———</2025n><0.36n%

= =5l
J#k

(b) When j>n/2, we have 1/|y,— y;| <2, which gives

n—1 1 n
Sp=Y ———<-2=n<01n2
j=n/2 |yk_yj| 2

This shows that
12’ (vl < A(ye) = U(yg) + Sk + 8¢ <0.03n% + 0.36n% + 0.1n% < 0.5n2,

and (4.3) holds also in Case 2.
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Case 3. n/3<k<n/2.

(a) When 1< ;j<5n/6, then 27/3 = (k + j)r/2n = n/6, sin((k + j)n/2n)
>1/2, and |k — j| n/2n < n/4.
Thus

and
5n/6 1
S =3y — <0711
o’ ve—yl k|
j#k

<O07Im((1+ 124 - +1/kK)+(1+12+ - +1/(n—k)))
<0.71n(2 + 2 log(n/2)) < 0.38n2,
where we used the inequality
(124 - +1/k)+ (124 --- +1/(n—k))<log k +log(n—k)
= log(k(n — k)
<2log(n/2), 2<k<n—2.
(b) When j>5n/6, 1/|y,— y;| <12 and
si= Y L <Mia—0am<o00
iesmer1 1 Ye— il 6
Hence

1P (vl <A1(yi) < U(yp) + Sk + S;<0.03n% + 0.38n% 4 0.02n* < 0.43n2,

and (4.3) holds also in Case 3. This completes the proof of Theorem 3.

Finally we prove Theorem 1 in the case m=1. We already know that
(3.13) holds when m=1, and since 0el, ,, according to Lemma 3(d),
(3.14) is obtained from

N il Ly _ o™l T(1)
Sup. [¢'(x) — py ()| 7T sup S R= TR

1
o<x<l1 n! o<x<1 2" n!
(4.14)

where the last equality follows from (2.37) and (2.35). Now Theorem 1 can
be proved from (3.14) and (3.15) in the same way as before, also with
m=1.
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